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Abstract 

In this paper, we study the distribution of integral points on parametric families 
of affine homogeneous varieties. By the work of Borel and Harish-Chandra, the set 
of integral points on each such variety consists of finitely many orbits of arithmetic 
groups, and we establish an asymptotic formula (on average) for the number of the 
orbits indexed by their Siegel weights. In particular, we deduce asymptotic formulas 
for the number of inequivalent integral representations by decomposable forms and by 
norm forms in division algebras, and for the weighted number of equivalence classes of 
integral points on sections of quadratic surfaces. Our arguments use the exponential 
mixing property of diagonal flows on homogeneous spaces. 



1 Introduction 

Let L be a reductive linear algebraic group denned and anisotropic over Q, let ir : L — > 
GL(V) be a rational linear representation of L defined over Q and let A be a Z-lattice in 
V(Q) invariant under L(Z). For every v € V(Q) whose orbit X„ under L is Zariski-closed 
in V, Borel-Harish-Chandra's finiteness theorem |BHQ Theo. 6.9] says that the number 
of orbits of L(Z) in X„ PI A is finite. The aim of this paper is to study the asymptotic 
behaviour of this number as v tends to oo in V(Q), in appropriate averages (for instance 
in order to take into account the fact that X„ PI A could be empty). We will count the 
orbits using appropriate weights. For every u G X„(Q) with stabiliser L M in L, define the 
Siegel weight of u as 

vol (L M (Z)\L M (R)) 
WLAU) vol (L(Z)\L(M)) ' 

using Weil's convention for the normalisation of the measures on L W (1R) (depending on the 
choice of a left Haar measure on L(R) and of a L(R)-invariant measure on X„(R), see 
Section [2]). These weights generalise the ones occuring in Siegel's weight formula when L is 
an orthogonal group (see for instance |Sie[ IERS] . and |Vos[ Chap. 5] for general L) and are 
used in many works (see for instance |BR1 IOhl| ; contrarily to the last two references, we 
will also need the reductive non semisimple case for our applications). We do not assume 
Xy(M) to be an affine symmetric space, contrarily to |DRS| and many other references. 

1 Keywords: integral point, homogeneous variety, Siegel weight, counting, decomposable form, norm 
form, diagonalisable flow, mixing, exponential decay of correlation. AMS codes: 37A17, 37A45, 14M17, 
20G20, 14G05, 11E20 



In order to motivate the statement of our main result, let us give two applications using 
the above setting. 

The first one is an asymptotic estimate on the number of inequivalent representations 
of integers by decomposable forms. Recall that a decomposable form F{x\, . . . 
polynomial in n variables with coefficients in Q which is the product of d linear forms with 
coefficients in Q. In particular, a norm form is a decomposable form Nx/^{ot\Xi + • • • + 
ot n x n ) where a±, . . . , a n are fixed elements in a number field K of degree d and x±, . . . , x n 
are rational variables. We will work only with d = n. The aim is not to study the existence 
of integral solutions to one equation F(x) = m (see for instance |CTXj . building on work of 
J. Sansuc, J.-L. Colliot-Thelene, D. Harari, R. Heath-Brown, A. Skorobogatov, M. Borovoi, 
C. Demarche and others for the existence of rational solutions, see for instance |Pey| ), but 
to consider the inequality |-F(a;)| < m which goes around the existence problem. There are 
many works on integral solutions to decomposable form inequalities, and in particular for 
norm forms, by W. M. Schmidt, K. Gyory, J.-H. Evertse, H. P. Schlickewei, J. Thunder, 
Z. Chen, M. Ru, see for instance |Sch| Gvo ITnul IKoc| and their references. But, besides 



the frequent assumption that d > n, most of these references work under a hypothesis 
(nondegenerate as in |Schl Gyo| or of finite type as in |Thu| ) which is not satisfied in our 



situation, since the number of our solutions might be infinite. As explained in |Sch] . a 
natural approach is to count the solutions by families of them, in our case by orbits of 
naturally acting arithmetic groups. Another approach, formulated by Linnik and Sarnak, 
and especially developed in \FiO\ IGOU IOhl| . is to use dilations of relatively compact 
subsets. For the finiteness of this number of orbits, see for instance |Koc| Theo. 2.14.1, 
page 63]. 

Theorem 1 Let n > 2, let F € Qf^i, . . . , x n ] be a rational polynomial in n variables, which 
is irreducible over Q, splits as a product of n linearly independant over C linear forms with 
coefficients in Q, and satisfies i ?_1 (]0, +oo[) ^ 0. Let Fp = {g G SL n (Z) : F o g = F}, 
and for every k 6 Q, let be the set of x 6 Z n such that F(x) = k. Then there exist 
c = c(F) > and 5 = 5(n) € ]0, 1[ such that, as r — > +oo, 

Card(r F \S fe ) = cr + O (r 5 ) . 

ke[l,r] 

With L the stabiliser of F in SL n (C), V = C n , A = Z n and vr the inclusion of L in 
GL(V), this result fits into the above program, since Tf = L(Z), the algebraic torus L 
is anisotropic over Q (see Lemma [T9|) and acts simply transitively on the affine subva- 
riety of V with equation F(x) = k if k ^ 0, noting that the Siegel weights Wz, j7r (u) = 
1/ vol (L(Z)\L(R)) are then constant. We will explicit c in Section \'d.l\ 

When K is a number field of degree n with ring of integers (9k, taking an integral basis 
(ai, . . . , a n ) of K, and F(x\, . . . , x n ) the particular norm form N K /q(aiXi + • • • + a n x n ), 
we recover the well-known counting result of the number of nonzero integral ideals of &k 
with trivial ideal class and norm at most s (see for instance |Lanl Theorem 3, page 132]), 
giving 

{a ideal in G K : N K/Q (a) < s} = 2 2!M^h^ s + o( s 1 " e ) , (1) 

uk\J\Dk\ 

where r\ and r2 are the numbers of real and complex conjugate embeddings of K, Rk is 
the regulator of K, hx is the ideal class number of K, ujk is the number of roots of unity 
of @Ki Dk is the discriminant of K and e = 1/n. 
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The second application is an asymptotic estimate on the (weighted) number of inequiv- 
alent integral points on hyperplane sections of affine quadratic surfaces. See for instance 
[5Te1 IDRS1 IER51 IBR1 lEMSl IGUT1 lOnTl IEU1 IGU2] . as well as the surveys [BaEl EE2], for 
counting results of integral or rational points in affine homogeneous varieties. Our result 
is quite different, since we are counting whole orbits, weighted by the Siegel weights, of 
integral points. Another approach to properties of sums of Siegel weights is to express 
them as product of local densities, using the Siegel weight formula as in |Sie[ IERS( IQhl] . 
But we believe that our results do not follow from this formula in any obvious way, and 
offer a really new approach to the asymptotic of Siegel weights. 

Theorem 2 Let n > 3, let q : C n — > C be a nondegenerate rational quadratic form, 
which is isotropic over Q, let £ : C n — >■ C be a nonzero rational linear form, and let 
L = {g £ SL n (C) : q ° g = q, £ o g = £}. For every k £ Q, let be the set of primitive 
x £ Z n such that q{x) = and £{x) = k. Assume that the restriction of q to the kernel of £ 
is nondegenerate and anisotropic over Q. Then there exist c = c(q,£) > and 5 = 5(q) > 
such that, as r — > +oo, 

E Yl vo1 ((M^) n L Wo)\(L u n L(M)o)) = c r n ~ 2 + O (r"" 2 " 5 ) . 

fee[l,r] [tt]e(L(Z)nL(R) )\E A 

This result also fits into the above program (up to a slight modification of the Siegel 
weights, see Section [2]), by taking V = C n , A = Z n , and ir : L — > GL(V) the inclusion 
map, noting that L is semisimple, and defined and anisotropic over Q as a consequence of 
the assumptions (see Section \3. 21 for details, where we also explicit c). 

We will prove the above two results in Section As another application of our main 
result, we also give there an asymptotic formula for the number of orbits under the group 
of integral units of the integral points of given norm in a division algebra over Q. 

A particular case of the main result of this paper is the following one. 

Theorem 3 Let G be a simply connected reductive linear algebraic group defined over Q, 
without nontrivial Q- characters. Let P be a maximal parabolic subgroup of G defined over 
Q, and let P = AMU be a relative Langlands decomposition of P ; such that A(R)o is a 
one-parameter subgroup (a s ) sg R, with A = logdet (Adai)^ > 0, where ii is the Lie algebra 
of U(R). Let p : G — > GL(V) be a rational representation of G defined over Q such 
that there exists vq £ V(Q) whose stabiliser in G is MU. Let L be a reductive algebraic 
subgroup of G defined and anisotropic over Q. Assume that LP is Zariski-open in G and 
that for every s £ M, the orbit X s = p(La s )vo is Zariski- closed in V. 

Let A be a "L-lattice in V(Q) invariant under G(Z), and let A prim be the subset of 
indivisible elements of A. Assume p to be irreducible over C. Then there exist c, 5 > 
such that, as t tends to +oo, 

E E ^ |L (x) = ce^O(eM) ( ). 

o<s<t [x]eL(Z)\(x s nAP rim ) 

More precisely, let G, P, A, M, U, V, L, p, vq, (a s ) se R be as above (p not necessarily 
irreducible). Endow G(R) with a left-invariant Riemannian metric, for which the Lie 
algebras of MU(1) and A(R) are orthogonal, and the orthogonal of the Lie algebra of 
P(R) is contained in the Lie algebra of L(R). 
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Theorem 4 There exists 5 > such that, as t tends to +oo, 



0<s<t [x]€L(Z)\(p(L(R)a s )v np(G(Z))v ) 

vol (MU(Z)\MU(R)) vol(gf \A(R) ) A (x _ s) 

Avol(G(Z)\G(R) 6 [e j ' 

We will prove a more general version of this result in Section [2] without the maximality 
condition on P, involving the more elaborate root data of P, and without the simple 
connectedness assumption on G (up to a slight modification of the Siegel weights), see 
Theorem [6] and Theorem [TBJ We are using the proof of the main result of |PP1| as a 
guideline. 

Another main difference with the counting results of |EMS| [QhT| [EQ| IGQ2] is that 
these papers are using the dynamics of unipotent flows, as instead we are using here the 
mixing property with exponential decay of correlations of diagonalisable flows, in the spirit 
of [KMT] (see also [EMllBO] ). 

Acknowledgment. We thank Jean-Louis Colliot-Thelene for discussions of our decomposable 
form result. The second author thanks the University of Bristol for a very fruitful short stay where 
this paper was conceived. The first author thanks the University Paris-Sud 11 for a month of 
invited professor where this paper was completed. 



2 Counting Siegel weights 

Here are a few notational conventions. By linear algebraic group G' defined over a subfield 
k of C, we mean a subgroup of GLat(C) for some N € N which is a closed algebraic subset 
of ^#/v(C) defined over k, and we define G'(Z) = G' D GLat(Z). For every linear algebraic 
group G' defined over R, we denote by G'(R)o the identity component of the Lie group of 
real points of G'. We denote by log the natural logarithm. 

Let us first recall Weil's normalisation of measures on homogeneous spaces. Let G' 
be a unimodular real Lie group, endowed with a transitive smooth left action of G' on a 
smooth manifold X', with unimodular stabilisers. A triple (I'G'^X'ii^G'^xeX') of a left 
Haar measure vqi on G' , a left-invariant (Borel, positive, regular) measure Vx' on X' and 
of a left Haar measure Vqi on the stabiliser G' x of every x G X' , is compatible if, for every 
x £ X', for every / : G' — > M continuous with compact support, with f x : X' — >• R the map 
(well) defined by gx h-> J hGG , f(gh) dvG> x (h) for every g E G, we have 

/ / dv G , = f x dv xl . 
JG' Jx' 

Weil proved (see for instance |Wei[ §9]) that, for every left-invariant measure vx* on X' , 
then 

• for every left Haar measure vqi on G' , there exists a unique compatible triple 
(vg',vx', (vG'Jxex 1 )- 

• for every xq € X' ', for every left Haar measure vq on G 1 , there exists a unique 
compatible triple (i/ G /, v X ', (vg' )xeX') with v G i = u . 

The following remark should be well-known, though we did not found a precise refer- 
ence. 
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Lemma 5 If (u G /, u X /, (uqi ) x eX') ^ s a compatible triple, then for every £ € G' and x S X', 
with i£ : h \— > £h£ _1 the conjugation by £, we have 

Proof. Let x € X' , £ € G' , H' = G' x and H" = G' lx = IH'f 1 . Using the left invariance 
of v X i for the first inequality and the bi-invariance of the Haar measure on G' for the last 
one, we have, for every / : G' — > R continuous with compact support, 

/ / f(g'h") d(ii)*VG' x {h") dv X '{g'£x) 

Jg'ixeX* Jh"£H" 

f(£g'h") d(it)*u Glx {ti')dv x ,(g'lx) 

g'tx&X' Jh"eH" 

f(£g'£h'£- l )dv Glx (h') dvx>(g'£x) 

g'lx&X' Jh'&H' 

f ° k(gh') dv G i x {h!) du X '{gx) 

gx&X' Jh'&H' 



f o i t dv G , = / / dv G i . 
G' J G' 

The result then follows by uniqueness. □ 

In order to deal with non simply connected groups, we introduce a modified version of 
the Siegel weights. 

Let L' be a reductive linear algebraic group defined and anisotropic over Q, let ir : 
L' — > GL(V') be a rational linear representation of L' defined over Q, let v G V'(Q) be 
such that its orbit under L' is Zariski-closed in V', let u 6 X^(Q) and let ~L' U be the 
stabiliser of u in L'. We defined the modified Siegel weight of u as 

, M = vol((LUZ)nL / (R)o)\(L^n^(R) )) 
WL '' AU) vol((L'(Z)nL'(R)o)W(R) ) ' [) 

using Weil's convention for the normalisation of the measures on L^(R) (depending on the 
choice of a left Haar measure on L'(R) and of a L'(IR)-invariant measure on X^(R)). Note 
that the denominator of the standard Siegel weight w^i w (u) is an integral multiple (de- 
pending only on L') of the denominator of the modified one, since (L'(Z) nL'(R)o)\L'(R)o 
is a connected component of L'(Z)\L'(R). But the ratio of the numerator of the Siegel 
weight by the numerator of the modified one may depend on u. 

Let us now describe the framework of our main result. Let G be a connected reductive 
linear algebraic group defined over Q. Let P be a (proper) parabolic subgroup of G 
defined over Q (see for instance |BJ[ §111.1], |Spr §5.2])). Recall that a linear algebraic 



group defined over Q is ^-anisotropic if it contains no nontrivial Q-split torus. 

Recall that there exist a (nontrivial) maximal Q-split torus S in G (contained in P and 
unique modulo conjugation by an element of P(Q)), such that if $ c = $(G, S) is the root 
system of G relative to S (seen contained in the set of characters of S), if gjg is the root 
space of P 6 $ c , then there exist a unique set of simple roots A = Ap in <I> C and a unique 
proper subset / = Ip of A, such that, with <^5: the set of positive roots of $ c defined by 
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A and the set of roots of <E» that are linear combinations of elements of /, if A is the 
identity component of 

P| ker a , 

a&I 

which is a Q-split subtorus of S, if U is the connected algebraic subgroup of G defined 
over Q whose Lie algebra is 

/8e*!j.-*? 

then P is the semi-direct product of its unipotent radical U and of the centraliser of A in 
G. Note that A is one-dimensional if P is a maximal (proper) parabolic subgroup of G 
defined over Q (that is, if A — I is a singleton). 

Let g be the Lie algebra of G(R). Using the multiplicative notation on the group of 
characters of S, for every a € A, we define m a = m a p € N by 

^ dimming) _ Q m a 

Let (a v ) a gA-7 in A(M)o A ~ / be such that log/3(a v ) is equal to 1 if a = f3 and to 
otherwise. Let A v be the lattice in A(M)o generated by {a v : a £ A — /}. For every 
element T = (i Q ) a 6A-/ 

of [0,+oc[ A - 7 , let 

i T = {a € A(R) : V a € A - i", < log(a(a)) < t a } . 

Recall that by the definition of a relative Langlands decomposition of the parabolic 
subgroup P defined over Q, there exists a connected reductive algebraic subgroup M of 
P defined over Q without nontrivial Q-characters such that AM is the centraliser of A in 
G. In particular, AM is a Levi subgroup of P defined over Q, A centralises M and is the 
largest Q-split subtorus of the centre of AM, AM normalises U, and 

P = AMU . 

For every Lie group G' endowed with a left Haar measure, for every discrete subgroup 
r' of G", we endow T'\G' with the unique measure such that the canonical covering map 
G' — > T'\G' locally preserves the measures. 

In what follows, we will need a normalisation of the Haar measures, which behaves 
appropriately when passing to some subgroups. We will start with a Riemannian metric 
on G(M), take the induced Riemannian volumes on the real points of the various algebraic 
subgroups of G defined over Q that will appear, which will give us the choices necessary 
for using Weil's normalisation to define the Siegel weights. 

The main result of this paper is the following one. 

Theorem 6 Let G be a connected reductive linear algebraic group defined over Q ; without 
nontrivial Q-characters. Let G = G(]R)o and T = G(Z) C)G. Let P be a parabolic subgroup 
of G defined over Q, and let P = AMU be a relative Langlands decomposition of P. Let 
p : G —7- GL(V) be a rational representation of G defined over Q such that there exists 
Vo E V(Q) whose stabiliser in G is H = MU. Let L be a reductive algebraic subgroup of 
G defined and anisotropic over Q. 
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Assume that LP is Zariski-open in G and that for every a € A, the orbit p(La)VQ is 
Zariski- closed in V. Endow G(K) with a left-invariant Riemannian metric, for which the 
Lie algebras of H(]R) and A(R) are orthogonal, and the orthogonal of the Lie algebra of 
P(M) is contained in the Lie algebra o/L(M). 

Then there exists 5 > such that, as T = (i a ) Q gA-/ G [0, +oo[ A-/ and min ag ^_/ t a 
tends to +oo, 

Y Y «/l >P|l o) = 

adA T [x]e(L(R)onr)\(p(L(M)oa)i) np(r)j;o) 

vol((Hnr)\(HnG))vol(AV\A(R) ) / „ e^x | Smina£A _ lt y 



vol(r\G) \J A ^ m c 

Proof. Let us start by fixing the notation that will be used throughout the proof of 
Theorem El and by making more explicit the above-mentionned conventions about the 
various volumes that occur in the asymptotic formula. 

Consider the connected real Lie group G = G(R)o, its (closed) Lie subgroups 
A = A(R) , F = HnG, L = L(R) , M = M n G, P = P n G, U = U 



We have H = MU and P = AMU = MUA, since A and U are connected. Note that L is 
also connected, but H and M are not necessarily connected. We denote by 

o, g, f), [, m, p, u 

the Lie algebras of the real Lie groups A, G, H, L, M, P, U respectively, endowed with the 
restriction of the scalar product on q defined by the Riemannian metric of G. Since L is 
Q- anisotropic, so is L D P. Since the map LflP-> P/H ~ A is defined over Q and A is 
a Q-split torus, this implies that the identity component of L (~l P is contained in H. In 
particular 

[nf) = lnp. (3) 

Note that q = I + p since LP is Zariski-open in G. We have assumed that a is orthogonal 
to f) and that the orthogonal of p is contained in [. In particular, with q the orthogonal 
of [ n t) in f), we have the following orthogonal decompositions 

g = p 1 ©(inf))eq®o, f) = (inh)eq, [ = p- L e (intj), p = fj©a. (4) 

The left-invariant Riemannian metric on G induces a left Haar measure on G, and a 
left-invariant Riemannian metric on every Lie subgroup G' of G, hence a left Haar measure 



on G' (which is the counting measure if G' is discrete). Note that A, G, H, L, M, U,L n H 
are unimodular: indeed A, G, L, M are reductive and U is unipotent; furthermore, LflH 
is the stabiliser of v$ in L, the orbit of vq under L is affine and hence LflH is reductive 
by |BHQ Theo. 3.5]. But P is not unimodular. 

The map A x M x U — > P defined by (a, m, u) i— > amu is a smooth diffeomorphism 
(see for instance |BJ| page 273]). We will denote by duoAdoJn the measure on P which is 
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the push-forward of the product measure by the diffeomorphism (a, h) i— >• a/i. Since A nor- 
malises , the measure dwAdijJu is left-invariant by P, so that dojp(ah) and doJA{ a )d^H{h) 
are proportional. Since these measures are induced by Riemannian metrics, and since a 
and f) are orthogonal, we hence have 

dup(ah) = duA(a)du)H(h) ■ 

Since A normalises U, the group A acts on the Lie algebra il of U by the adjoint repre- 
sentation. The roots of this linear representation of A are exactly the restrictions to A 
of the elements /3 in <3?^ — (frf, with root spaces 0? H and a set of simple roots is the 
set of restrictions of the elements of A — / to A (see for instance |BJl Rem. III. 1.14]). 
Since A is connected, these roots have value in ]0, +oo[ . The map A M A ~ J defined by 
a i — y (log(a(a))) a( =A-/ is hence a smooth diffeomorphism. We will denote by IlaeA— J dt a 
the measure on A which is the push-forward of the product Lebesgue measure by the 
inverse of this diffeomorphism. By invariance, there exists a constant ca > such that 

dujA = c A dt a . 

aGA-7 

By the definition of A v , we have ca = Vol(A v \A). 

Let r = G(Z) fl G, which is a discrete subgroup of G acting isometrically for the 
Riemannian metric of G by left translations. Let Yq = T\G and let ir : G — > Yq = Y\G 
be the canonical projection, which is equivariant under the right actions of G. Then Yq 
is a connected Riemannian manifold (for the unique Riemannian metric such that ir is a 
local isometry) endowed with the transitive right action of G by translations on the right. 
To simplify the notation, for every Lie subgroup G' of G, define 

Y G , = vr(G') , 

which is a injectively immersed submanifold in Yq, endowed with the Riemannian metric 
induced by Yq, and identified with (G 1 fl T)\G' by the map induced by the inclusion of G' 
in G. Note that Yl and Y\j are connected, but Yjj and Ym are not necessarily connected. 
For every Lie subgroup G' of G, let 

be the Riemannian measure on Yq/, which locally is the push- forward of the left Haar 
measure uqi. 

Since G and the identity component of MU have no nontrivial Q-character, the Rie- 
mannian manifolds Yq and Yh have finite volume (see |BHC| Theo. 9.4]) and Yh is closed 
in Yq (see for instance |Rag[ Theo. 1.13]). Since L is reductive and Q- anisotropic, the sub- 
manifold Yl is compact (see |BHCl Theo. 11.6]). Since U is unipotent, the submanifold 
Y\j is compact (see for instance |BHQ § 6.10]). 

For every Lie subgroup G' of G such that Yq/ has finite measure (that is, such that 
r fl G' is a lattice in G'), we denote by 



IfJ'G'W 

the finite measure [Iqi normalised to be a probability measure. In particular, JJ G , ~p H , ~p, L , 
JIjj are well defined. 
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For every T = (t a ) ae A~l and V = (t' a ) ae A-l in [0, +oo[ A ~ 7 , let 

a [t,t>] = {ae A : V a G A - /, t a < log(a(o)) < t' a } . 

and P[t,t'] = UMA[j< t j</j~~ = H A^x'} 1 ■ Define Yp , = tt(P[t,t'])i which is a subman- 
ifold with boundary of Yq, invariant under the right action of H, since A normalises H. 
To shorten the notation, we define 

A T = A [0jT] , P T = P [0 ,T] = HAt' 1 and Y Pt = Y P[QT] = vr(P T ) = Y H A^ , 

as well as min T = min Qg A-/ t a > 0, which measures the complexity of T and will converge 
to +00. We will need to estimate the volume of tt(Pt) for \xp. 

Lemma 7 For every T = (t a ) a ^A-l [0, +oo[ A ~ / , we have 



MYp T ) = vol(A v \A(M)o) \\^h\\ 



aeA-I mc 



Proof. Denote by dup the Lebesgue measure on the Euclidean space gp = R 0. For 
any order on — the map from n,3e<i> c -$ c 0/3 to ^ defined by (u i a) /3g$ c_ $ c 
0/?e«i> c -$ c ex P u /3 i s a smooth diffeomorphism, and there exists c\j > such that g2w[/ is 
the push-forward by this diffeomorphism of the measure c\j Wp^c _<j,c dup. 

For every a G A, if i a : <7 1— > aga~ l is the conjugation by a, then for every up £ gp, we 
have i a (expitg) = exp((Ada)(tt ( g)) = exp(/3(a)tt ( g). Hence 

(c i )*(^)= n /?(«) dims ^c/= n «(«) ma ^ 

^g^C.^C aeA-J 

by the definition of (m Q ) ae A and since the elements of / are trivial on A. Since A commutes 
with M, we hence have (i" 1 )*^^) = n^eA-/ ot{a) ma uj h ■ 
We have, since A is unimodular, 

dujpihaT 1 ) = duip{a~ 1 aha^ 1 ) = du)A(a~ l )du)H{ a ha~ l ) = (ia;^(a)(i((i~ 1 ) i( ,w//)(/i) . 



Since r R P = T R H (see for instance the lines following Proposition III. 2. 21 in |B page 
285]) and AnH = {e}, we have ir(Ha) / n(Ha') if a ^ a'. Hence 

IXp{Y Pt )= I [ d f i P (ya- 1 )= [ a(a) m °duj A {a) f d m (5) 

Jy£Y H Ja£A T ^ A T a( zA~I ^ Yh 

=\\m\\c A n f a z mas ds. 

ceA-I J ° 

Since m a > 0, the result follows. □ 

To simplify the notation, we write p(g)x = gx for every g G G and x G V, we define 
v a = avQ for every a G A, and we denote by L x = G x R L the stabiliser of x in L for every 
x G V(R). 

Since we have a left Haar measure ojl on L and ulc\H on Ln H, Weil's normalisation 
gives a L-invariant measure on the homogeneous space L/{L R ff), and hence a left Haar 
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measure on the stabilisers £(L(lH)£~ 1 for every £ in L, as explained above. As announced, 
the modified Siegel weights io'l^lO) are defined using this Weil's normalisation, as follows. 

For every £ G L and a G yl, if x = £at>o> since if = MC/ is normalised by A and is the 
stabiliser of vq in G, we have 

l x = l n stab G x = l n (fflt 1 ) = t(L n #)r 1 . (6) 

Note that 



L(R) n L(Z) = L(R) n G(Z) = L(R) n G(R) n G(Z) = L n r , (7) 

and similarly L(R)o n L X (Z) = L a . n T for every x € Lv a D Tvq. Hence the denominator 
of the modified Siegel weight u/L )j0 (x) is equal to vol ((L n = vol(Y^), using the 

measure \il on Yl induced by the Haar measure ul on L. Its numerator vol y(L x r\F)\L x ^ 
is defined by using the measure on (L x D T)\L X induced by the left Haar measure on 
L x = £(L fl H)£~ l given by Weil's normalisation. 

We now proceed to the proof of Theorem [6j 

Step 1 . The first step of the proof is the following group theoretic lemma, which relates 
the counting function of modified Siegel weights to the counting function of volumes of 
orbits of L fl H. We denote with square brackets the (left or right) appropriate orbit of an 
element. 

Lemma 8 For every a G A, there exists a bijection between finite subsets 

G a : (L (~l T)\(Lv a n Tvo) — > (Y L nY H a~ r )/(L n H) 
such that for every x G Lv a fl Tvo, if [y] = a ([x]) 7 then 

vol ((L x n T)\L X ) = vol (y(L n H)) . (8) 
In particular, for every T G [0,+oo[ A ~^, we have 



E E wW*)-E E 



aeA T [x]£(Lnr)\(Lv a nrv ) aaA T [j / ]G(y L nyHa- 1 )/(LnH) 



Proof. Fix a G A. First note that the groups LOT and L n i? do preserve the subsets 
Lv a D Tfo of V(R) and n Y^a -1 of Y" respectively for their left and right action, since 
A normalises H. The finiteness of the set (L fl T)\(Lv a fl Two) follows from Borel-Harish- 
Chandra's finiteness theorem as in the introduction. Also recall that H = MU is the 
stabiliser of vo in G. 
Define 

G a : [£v a ] h+ [tt(£)} . 

Let us prove that this map is well defined and bijective. Let £,£' G L. 

We have £v a G Tvq if and only if there exists 7 G T such that £avQ = 'jvq, that is, 
if and only if there exist 7 G T and h G H such that £ = -yha' 1 , that is, if and only 
if n(£) G Yl n Y//a _1 . This proves that a has values in (Yl H Y^a^ 1 )/^ fl and is 
surjective. 
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Let us prove that a does not depend on the choice of representatives and is injective. 
We have [£'v a ] = [£v a ] if an d only if there exists 7 £ L n T such that I'avo = jlavo, hence 
if and only if there exist 7 £ L f] T and h £ H such that £'a = 7^0/1. Note that this 
equation implies that aha" 1 £ L if and only if 7 £ L. Since A normalises H, we hence 
have [£'v a ] = [£v a ] if and only if £' £ T£(L n #), that is if and only if [tt(£)] = [vr(f )]. 

To prove the second assertion, let £ £ L be such that x = £ T^o and let y = tt(£), so 
that a ( [x] ) = [y] . The orbit of y under L D H in Yq is the image by the locally isometric 
map 7r of the Riemannian submanifold £{L n H) of G. The left translation by £~ l is an 
isometry (hence is volume preserving) from £{L D H) to (L f] H). By Lemma [5l the map 
g 1 — y £g£~ l from L Pi H to £{L PI H)£ , which is equal to L x by Equation ([6]), is measure 
preserving. Therefore the map <p : [z] i— > [z£] from [L x n T)\L X to y(L n H) is a measure 
preserving bijection. This proves the volume equality of Equation ([8|). 

The last claim follows from the other ones, since the numerator of the modified Siegel 
weight «/ LiP|i (i) is vol ((L x n T)\L X ). □ 

Step 2. The second step of the proof is an equidistribution result, in the spirit of |KM1| . 
saying that the piece Yp T of orbit of P equidistributes in Yq as minT — > +00. 

For every smooth Riemannian manifold Z and q £ N, we denote by ^ (Z) the normed 
vector space of C q maps with compact support on Z, with norm || • 

Proposition 9 There exist q € N and k > such that for every f £ ^(Yg) and T = 
(ta)a£A-l £ [0,+oo[ A-J \ we have, as minT tends to +00, 



To prove the proposition, we will use the disintegration formula already seen in the 
proof of Lemma [7] 



This formula indicates that the proposition would follow from (an averaging of) the equidis- 
tribution of the translates Y^a" 1 , which is established in Proposition 1101 below. To state 
this proposition, we need to introduce additional notation. 

The linear algebraic group G decomposes as an almost direct product 



where Z(G) is the centre of G, and Gi, . . . , G s are Q-simple connected algebraic subgroups 
of G. The maximal Q-split torus S decomposes as an almost direct product 



where Sj is a maximal Q-split torus in Gj. We also get an almost direct product decom- 
position 





G = Z(G)Gi • • • G s 



S — Si • • • S s 



G = Z(G)G\ ■■■G. 



0) 
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where Z{G) is the centre of G (which is equal to Z(G)o since G is connected and G 
is Zariski-dense in G) and Gi = Gj(R)o for 1 < i < s. Since G has no nontrivial Q- 
character, and since M is the centraliser of A, this gives corresponding almost direct 
product decompositions of the Lie groups A = A\ . . . A s (this one being a direct product), 
U = U x ...U a , M = Z(G)M 1 ...M s , H = Z{G)E X ...H s . The set of simple roots A 
decomposes as a disjoint union 

A = Ai U • • • U A s 

where A, is a set of simple roots of Gj relatively to Sj, and the positive (closed) Weyl 
chamber A + in A associated to A decomposes as 

A~^ = A~i ■ ■ ■ A~^ , 

where Af is the positive (closed) Weyl chamber in A D Gi associated to Aj. 
For 1 < i < s and a G Ai, we define 

EAa) = exp ( - ( max log a(a))) > (10) 

aeAi-I 

if Aj — I ^ 0, and Ei(a) = 0, otherwise. For every k > 0, we also define 

s 

i=l 

for every a G A + with a\ G ^4^", • • • , a s G ^4^" and a = a\ ■ ■ ■ a s . 

Proposition 10 There exist q G N and k > such that for all f G ^(Ya) and a G A + , 

[ f(ya~ 1 )dJI H (y)= [ f dp G + O (£» ||/||,) . 
Jy h Jy g 

Given a Lie subgroup D of G such that r fl D is a lattice in D, we denote by T>d 
the normalised right invariant measure on (r fl D)\D. Recall that Yd = ir(D) is a closed 
submanifold of Yq, and that (ip is the invariant measure on Yd induced by the Riemannian 
metric, with normalised measure ~]I D . 

We identify (r D H)\H with Yjj using the (well defined) map h t-> Th (denoting again 
by h G H a representative of a coset h E (T f] H)\H). Since the groups Z(G), H\, ■ ■ ■ , H s 
commute, we also have the map 

(r n z{G))\z{G) x (r n Fi)\ifi • • • x (r n h s )\h s -> y h 

well defined by (ho,h\, . . . ,h s ) i— > Th^hi ■ ■ ■ h s (using conventions similar to the above 
one for coset representatives). Then the normalised invariant measures Jl h , ~pjj i: ■ ■ ■ ,~Ph s 
satisfy, for all / G ^(Yg), 



/ f{y)dp H {y)= [ f(Th)dV H (h) 

JY H J(VC\H)\H 

/ f(Th h 1 ---h s )dl7 Z ( G) (h )---dl7 Hs (h s ). (11) 

J(rnz(G))\z(G)x-x(rr\H„)\Hs 
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We will prove Proposition [TU] by using an inductive argument on the number of factors. 
We start by analysing the distribution of Y^a -1 in Lemma [TT1 and then the distribution 
of Yjj.a -1 in Lemma [T2l 

Let D be a product of almost direct factors of G in the decomposition ([9|). For every 
/ G ^(Y G ), we define a map &> D f : Y G -> C by 

(& D f)(Tg) = [ f(Tdg) dV D {d) 

J{vr\D)\D 

which does not depend on the choice of the representative of Tg, by the right invariance of 
Vjj under D. Note that ^£>f ls continuous and invariant under the right action of D. 

Lemma 11 There exist q € N and K\ > such that for every i € {1, . . . , s} with Ai ^ {!}, 
for every f £ ^c(Y G ) and a £ Af , 

[ f(ya- 1 )dJl Ut (y) = (^ G J)(T e ) + 0{E i (ar\\f\y Gi \\ q ) . 

Proof. For 1 < i < s, we consider the unitary representation of the group Gi on the 
orthogonal complement of the space of Gj-invariant (hence constant on Y Gi ) functions in 
the Hilbert space L 2 (Y Gi , ~fi G . ) , whose scalar product we denote by (•, -)y g . (using the nor- 
malised measure ~p G ). We note that for every / € ^(Yq), the function /|y G . — (<^Gi/)(Fe) 
belongs to this space. 

We say that a unitary representation of a connected real semisimple Lie group G' has 
the strong spectral gap property if the restriction to every noncompact simple factor of G' 
is isolated from the trivial representation for the Fell topology (see for instance |Cow| . 
|BHV| Appendix], [KM2, Appendix] for equivalent definitions and examples, and compare 
for instance with |Nev^ IKS] for variations on the terminology). We claim that the above 
unitary representation of Gi has the strong spectral gap property. Indeed, if Gj is simply 
connected and Tj is a congruence subgroup in Gi, then the strong spectral gap property on 
Ti\Gi is a direct consequence of the property r proved in |Clo| . see Theorem 3.1 therein. 
By [KM2J Lemma 3.1], this also implies, when Gj is simply connected, the strong spectral 
property on Ti\Gi for subgroups Tj that are commensurable with congruence subgroups, 
and, in particular, for arithmetic subgroups of Gi. Now let pi : Gj — > Gj be a simply 
connected cover of Gj, and let Gi = Gj(R). Then Y Gi ~ P^ 1 ^ H Gi)\Gi, and the strong 
spectral gap property for L 2 (Y Gi , ~p G . ) follows from the above arguments. 

Applying |KM1[ Theorem 2.4.3], we deduce that there exist q € N and k'^C > such 
that for every i G {1, . . . , s} such that Ai ^ {e}, for every <p € ^(YgJ and a S Af , 



((f\Y Gi -(&Gj)(Te)) 




where Ei{a) is defined in Equation (|10p . 

Let P~ denote the parabolic subgroup in Gi opposite to C/j. The product map Ui x 
— > Gi is a diffeomorphism between neighbourhoods of the identities. Since Y\j i = ir(Ui) 

is compact, if e > is small enough, there exists an open e-neighbourhood £l e of the identity 

in Pj~ such that the product map Y\j i x £l e — >• Y Gi is a diffeomorphism onto its image Yu i Q, e . 

We have (see also Lemma [Ml) 

V V e Y Vi , VpGfi £ , dp G . (yp) = dpu. (y)dw(p), 
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for a suitably normalised smooth measure to on Q e . There exists a > (depending on q) 
such that for every e > small enough, there exists a nonnegative function ip t G ^(^e) 
satisfying 

ifj e du = l and \\ip e \\ g = 0(e~ CT ) . 



Define a C 9 function </> e : Y Gi — > [0, +oo[ supported on Yt^f2 e by 
Then 



/ <f> E dp G . = l and l^cllq = 0(e CT ) . 



Since for all a € and p € Q e , 

d(apa~ 1 , e) = 0(e), 

we obtain 



(f\Y G .°a 1 ,<Pe) Yn = / f(ypa l )^ e {p) dpu.^duip) 

'Yu.xn e 

fiya-^dp^y) + 0(e||/|y G J|i) 



Since ls Gj-invariant, 

{& G JAe)y Gi = C^ Gi /)(re)( jT e ^ Gi ) = (^ Gi /)(r e ). 

Combining these estimates with (|12p (we may assume that q > 1), we conclude that 
/ /(ycT 1 ) ^(y) = (^ Gi /)(Te) + O ((e + E^a)^) ||/|y Gj || 9 ) . 

Finally, taking e = £^j(a) Kl ^ 1+cr ^ which is small if a lies outside a compact subset of Af , 
we deduce that 

/ /(yO dfc^j,) = (^ Gi /)(Te) + O (E^af^^l 

JYtt. V 



as required. □ 

Lemma 12 There exist q E N anc? K2 > sitc/i i/iai /or ewery / 6 (^g) anc ^ a £ , 
/or every i 6 {1, . . . , s}, we have 

[ f(ya- l )ctU Hi {y) = (0> G J){Te) + O (^(a)* 2 ||/| y || 9 ) . 
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Proof. We first observe that if A, = {e}, then Hi = Gj, and the claim of the lemma is 
obvious. Now we assume that Ai 7^ {e} in which case Lemma [TT1 applies. 

Let Ni = (r n Mi)\Mi. The space Y H . = TT^Mj) is a bundle over TV, with fibres 
isomorphic to Y\j i , and the invariant measure ~fi H . on Yfj i decomposes with respect to this 
structure. Explicitly, for every m 6 Mi, the integrals f Y f(ym) djLjj. (y) for all / G ^(^g) 
define a L^-invariant probability measure on Y^m, which depends only on the coset n = [m] 
of m in Ni = (T n Mj)\Mj, and the .ffj-invariant probability measure on Yj^ is given by 
/jv- (Iytj /(y m ) d / z C/ l (y)) cS7 M i (N) for all / G ^c(Yg)- Hence, denoting again by n any 
representative of a coset n in Ni, since A centralises M, 

f(ya~ 1 )dp H .(y)= / f (yna~ l ) d^^y) dV Ml {n) 



f(ya 1 n)djl Ui {y) dv Mi (n) . 

Ni JY V . 

For m € Mj and / € ^(Yfj), we consider the function f m : Yq — > C defined by 
V ^ f(y m )- We note that there exist C\,C > such that for every / € (Yg), we have 

||/ m |y G J| 9 <C"e c ^ e ' m )||/| yG! || g . 

Hence, by Lemma QTJ for every / 6 ^"(Yq) and m 6 Mj, since &Gifm = &Gif by 
invariance under Gj, 

/ /( y a-^n)^(y) = (^ G J)(r e ) + 0(^(are Cl ^ m )||/|y G J| (? ) . (13) 

We fix no € Ni and for > 0, we set 

(Ni) R = {neNi-. d{n ,n) < R} , 

where d(-, •) denotes the distance on Ni with respect to the induced Riemannian metric. 
We shall use the following estimate on the volumes of the "cusp": there exists C2 > such 
that for every R > 0, 

v Mi (N l -(N l ) R ) = 0(e- c * R ). (14) 

To prove this estimate, we may pass to an equivalent Riemannian metric and to a finite 
index subgroup of TC\Mi. This way, we reduce the proof to the case when Mi is semisimple, 
r n Mi is an nonuniform lattice in Mi, and the Riemannian metric on Mi is bi-invariant 
under a maximal compact subgroup in Mj. Then Equation (fbl"|) follows from |KM21 §5.1] 
(which notes that the irreducible assumption on T D Mi is not necessary) . 
Equation (|14p implies that 

/ / f{ya~ 1 n)dTi u Xy)dl?M l {n) = 0{e-^ R \\f\ YGi h) . (15) 

JN t -(N,) R JY Vi 

Given m € Mj such that (r n Mj)m G (Ni) R , there exists m' € Mj such that (r n Mj)m = 
(r n Mi)m! and d(e, m') < R. Therefore, it follows from Equation (|13p that 



f(ya 1 n) dji^y) dv Mi (n) 

{Ni) R JY Vi 

V Mi {{Ni) R ){^ G J){Te) + 0{Ei{a)^e^ R \\f\ YG , 



G J)(Te) + O ((e~^ R + E t (are^ R ) \\f\ Y \\ q ) . (16) 
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Finally, combining (|15p and (|16p . we obtain that 

f{ya~ l n) dp, v .{y) dv Mi (n) 



G J)(Te) + O {(e~^ R + Ei(ar^ R ) ||/|y Gj || ? ) . 

Taking R = log E{(a) c i+ c 2 , we deduce the claim of Lemma [T2l with K2 = ci+c 2 • ^ 

Proof of Proposition 1101 For a subsemigroup D which decomposes as a product 
D = D p ■ ■ ■ D q and p < i < q, we write 

D<i = Dp--- Di and D>j = A+i ■ ■ ■ D q . 

We show inductively on i G {0, . . . , s} that for every a = a\ . . . ai £ (by convention 
a = e if i = 0) and 5 6 G>j, we have 

/ /(ya^y) dp H< .(y) = (& G< J)(Tg) + ^ O (i^ll/llg) (17) 

with k = K2 and g as in Lemma [T2l Since if<o = G<o = Z(G), this is obvious for i = 0. 
To get this estimate for i = 1, we apply Lemma [12]to the function / 9 (y) = {&G <0 f){yg) 
with y £ G>i. Since Gi commutes with G<o and G>i, we have 

||/ fl |y Gl II, < ll/ll, and {&> Gl 0> G <J){Tg) = (<? G ^f)(Tg) . 



This proves Equation (117|) with i = 1. 

Now suppose that Equation (|17|) is proved at rank i. As in Equation (jlip . for / € 



/ f(y)dpH <i+1 (y)= / f{yh)dp H<i (y) 

J Y H<i+1 JivnH^Hi Jy h< . 



(h). 



Hence, for every a' = a± . . . ai G A< i; aj+i € Af +1 and y € G>j+i, with a = a'aj+i; by the 
right invariance of under Hi + \ and by Equation (fT7|) . we have 



/ /(ya 1 g)dpH <l+1 (y) 



{TnH i+1 )\H l+1 JY H 



/(y(a') 1 ha i \g) dp H (y) dU Hi+l { h ) 



b < J)(r/ J a- + 1 i5)^ i+ iW + E°(^( a i) K |l/ll?) • 

(mffi+ovffi+i i=1 

Applying Lemma [12] to the functions / g : y 1— > {& G<i f){yg) on Y(j, we obtain 

/ (^ C 7 <l /)(rH r + 1 i5)^ + i(^) 

V(rnff i+ i)\.ff i+ i 

'%J 9 )(re) + O (£ m (a m ) K ||/ s |Y Gi+1 
G< l+1 /)(ry) + 0(E m (a m ) K 11/11,). 
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This completes the proof of Equation (|17p . Since 



C7<j)(re)= / fdp G , 
Jy g 



the proposition follows. □ 
Proof of Proposition [9j Since 



fdnp= f ([ f(ya~ l )d^ H (y))( TT a(c 



dojA(a) 



it follows from Proposition [TU] and from Equation ([5]) that 

/ fd^ P = MYp T )[ fdp G + 0(\\f\\ g [ E K (a)( TT a(c 

Jy Pt ]y O V J At V aeA_/ 



For every i £ {1, . . . , s} such that A, — I ^ 0, let (3 £ A, — /. For every bi £ Ai, we have 

Ei{bi) < e ~ los ^\ 

Hence, by Lemma [TJ we have, assuming that k < min ae A— I m a (which is possible), 

/ E t (a t r( H a(a) m A dco A (a) < c A ( ]J /*" e m - s ds) f" e^~ K > ds 

= O {MYP T ) e~^) . 
Therefore, since E K (a) = Xa<j<s ■ Ei(a,i) K , we have 

— \— I fd l ip=l fdp G + 0(e-^ T \\f\\ q ), 

fj-p{yp T ) Jy Pt Jy g 

as required. □ 

Step 3. In this last step of the proof of Theorem [6j we will diffuse the orbits of L n H 
we want to count using bump functions, and apply the equidistribution result given by 
Proposition [9] in Step 2 to infer our main theorem. 

Before starting this program, we rewrite the sum whose asymptotic we want to study 
in a more concise way. Let T,T' € [0, +oo[ A ~ / . By transversality (see for instance |Hirl 
p. 22, Theo. 3.3]), the intersection 



Z[t,t'} = Yl n Yp 



[T,T'\ 



is a compact Riemannian submanifold of Yq, invariant under the right action of L n H, 
and for every x £ ^[t,t']j we have T X Z^ T ^ = (T x Yl) n (T x Yp T , ). Since [ n p = [ n rj by 
Equation ([3]) , the Lie group L n H has open orbits in Z^r,T'] ■ Hence the compact subset 
Z[T,T'] is a finite union of orbits of L n H (see the picture below when A is 1-dimensional) . 
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We will denote by fJ-Zt TT r, the Riemannian measure on Z^rp/y Using Riemannian 
volumes, we hence have 

Vz [TtTl] {Z[ T ,T>}) = E vo1 ( y ( L n 

[ y ]e(Y L nYp [TTl] )/(LnH) 

= E E vol{y(LnH)). 

aeA [TTl] [ 2/ ]6(y L ny H a- 1 )/(in^) 

By Lemma [8] in Step 1, the quantity /i^ [0 T] (Z[ 0) t])) when divided by vo1(1l), is the sum 
whose asymptotic we want to study. 

We first start by studying the supports of the bump functions we will define: they will 
be appropriate neighbourhoods of Yl and Zvp^iy Fix e > 0, which will be appropriately 
choosen small enough later on. Consider the open ball B(0,e) of center and radius e in 
the orthogonal complement q © a of ( R p in p, and let & e = exp B(0, e), which is contained 
in P. 

Since L is compact, if e is small enough, the right action of G on Yq induces a map Yl x 
e — > Yq, with (y, g) i— >■ yg, which is a smooth diffeomorphism onto an open neighbourhood 
Yi,G t of the submanifold Yl in Yq. Similarly, if e is small enough, then for every T,T' € 
[0,+oo[ A - 7 , the map Z^prpn x G e — ► Yp defined by (y,g) H >■ is a smooth diffeomorphism 
onto an open neighbourhood Z\x,T']^e of the submanifold Zww in Yp. If 77 £ R and 
r" = (OaeA-J S [0, +oo[ A - r , we denote T" + r? = (t£ + 7/) a6A '-/. 

Lemma 13 There exists c > suc/i i/iai if e > is small enough, for every T, T' € 
[0,+oo[ A_/ , i/ien 

Proof. We first claim that there exists c > such that 

P[T+ce,T'-ce] C P[T,T'] C P[ T _ C(Ej T'+ ce ] • 

Since the product map (h, a) >— > ha is a diffeomorphism from x i to P, since ^ is 
contained in P, and since the distances are Riemannian ones, there exists c\ > such that 
if e > is small enough, then for every g € & e , there exist h € H and a € ^4 with g = ha 
and d(a,e) < c\t. Since the Riemannian distance on A is equivalent to the image by exp 
of the distance on a defined by the norm ||x|| = max aS A-/ | log(a(exp ic)) | , there exists 
C2 > such that |loga(a)| < C2<i(a, e) for every a £ A. 
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Let g G e , h G H and a £ A be such that g = ha and d(a,e) < C\e. Since ^4 
normalises i?, we have HA^ T ,^g = HA^ Tll ha = HA^ T ,^a. Hence HA^ T ,^g is contained 

in HA7r} m, , i and contains HAz}, ™ ,. This proves the first claim. 

Now, let y G Y^, g G ^ e and p G -P[t,T'] t> e such that yg = n(p). Then y = Tt(pg~ l ). 
Since & e is invariant by taking inverses, pg~ l belongs to P[T,T']&ei hence by the first claim, 
yg G Z[ T _ ceT , +c ^ff e . The left inclusion is proven similarly. □ 

We now study the properties of the Riemannian measures on the neighbourhoods Yl G e 
and Z\rp^ T nff e . 

Lemma 14 For every e > small enough, there exist smooth measures v and v on such 
that the product maps Yl x G e — > Yq and Zit,t'] x @e — > Yp send the product measures 
\%L (8> v and Hz lTTl] ®v to the restricted measures [jlg\y l &\ an< ^ l l P\z^ T T , ff e > respectively. 
Furthermore, ^j(e) = 1. 

Proof. Since the measure fJ>G\Y L & € (respectively ^P\z T T , ff e ) is Riemannian, it disintegrates 
with respect to the trivialisable fibration Yl G e Yl (respectively Zit,t'] &e ^[T,T"] with 
measure on the basis \il (respectively fiz , TT , an d conditional measures v y (respectively 
u y on the fibers yff e for all y G Yl (respectively y G Z^p,T'])- ^y left invariance of the 
measures ujl and tULnH, there exist smooth measures v (respectively V) on ff e such that 
the maps G t ^yG € defined by g i->- yg send v (respectively v) to v y (respectively u y ) for 
all y (zYl (respectively y G Z[t,t'])- This proves the first claim. 

Since q + a is orthogonal to [ (respectively [ n h) by Equation (|4]), the manifold yG e is 
orthogonal to Yl (respectively Z^t'] ) at every y G Yl (respectively y G Z^tt 1 ] ) ■ Hence any 
orthonormal frame F of T y {y& e ) at a given y G Z\t,t'] ma y be completed to an orthonormal 
frame whose last vectors form a basis of T v Yl, whose first vectors form a basis of T y Z\T,T'\- 
By desintegration, the orthogonal frame F has the same infinitesimal volume for v and v. 
The last assertion follows. □ 

Let us now define our bump functions. By the standard construction of bump functions 
on manifolds, for every q G N, there exists n' > such that for every e > small enough, 
there exists a C q map ip e from G t to [0, +oo[ , with compact support, such that J ij) e dv = 1 
and HV'ellg = 0(e~ K '). Since J| = 1 + 0(e) on ff t by Lemma El we have 



f ^ e dv = l + 0{e) 



For every e > small enough, define /<= : Yq — > [0, +oo[ by f e (y) = if y ^ YlG 6 and 
fe(yg) = ipeig) f° r every y G Yl and g G @ e . Note that f e is C q with compact support, 
since Yl is compact. We have 

_ Jiift ^ _ fgefi. k&L ^) dfi L (y)du(g) _ vo l(Y x ) 

It "A* 



l Yc Jt n voi(y G ) voi(y G ) voi(y G ) 

and ||/ e || 3 = 0(e- K '). 
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Since the support of f € is contained in Y^G ei by Lemma [T¥I and by the right inclusion 
in Lemma [131 we have, for every T E [0, +oo[ A-J \ 



fe dflp < fe dllp 



VO 



Ma) d^ Z[ _ c ^ T+cA {y)dv{g) 
l(Z hce)T+ce] )(l + 0(e)) . (18) 



Similarly since f t >0 and by the left inclusion in Lemma [131 we have, for every T € 
[0,+oo[ A - 7 , 

/ fe dfip > f f e dfip = vol(Z KT _ ce] )(l + 0(e)) . (19) 

Finally, we apply Step 2 to our bump functions. By Proposition [9J we have the equality 
Mp( y PT ) !y Pt fe dfip = f Yo fe dJI G + O ( e~ K mmT \\ f e \\ q ) . Hence, by the properties of f e , 

fe d, P = vo ^)MP(y Pr) (i + 0{e - K . e - KmmT)) (20) 

Yp T VOl{Y G ) 

Let 5 = > and e = e _<5minT (which tends to as minT tends to +oo). Then 
€ - K > e - Km mT = e (K'5-K)mmT = g-SminT By the equations and ([20]) , and by Lemma 
[3 we have, as minT tends to +oo, 



vol(Z [ce , T „ ce] ) <([ U d»p) (1 + 0(e- 5minT )) 



= vol(Y L )^ P (Yp T ) . + Q ,_ Sm taT\\ 
vol(lb) 

Voi(A v \A)vDi(y L )voi(y H ) / r £^\ h , nf - 8mta T^ 

voi(Y G ) yj}^ m a )y L + u ^ e » ■ 

Since e x = 1 + 0(x) as x tends to 0, we have e ce " 5millT Ec, 6 A-jm<. = \ + o( e - <5minT ) 
as minT tends to +oo. Since Zjo, C e] i s bounded, we hence have, as minT tends to +oo, 

vol(%T])< ^prj ( 11 — J(l + 0(e )). 



The converse inequality is proven similarly, using Equation (1 1 8[) instead of Equation (1191) 

Since Y. a &A T E[x]e(Lnr)\(Lv a nrv ) w = ^(Y^ as said in the be S mnm g of 
Step 3, this ends the proof of Theorem [6j □ 



Remark 15 Let G, P, A, M, U, L, V, p, vq be as in the statement of Theorem [6l and 
assume furthermore that G is simply connected. Then we have the following counting 
results using the standard Siegel weights. 
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There exists 5 > such that, as T = (t Q ) a( =A-/ £ [0, +oo[ A 1 and min Qe A-/ t a tends 
to +co, 

S ^L, P | L (x) = 

a£A T [a;]eL(Z)\(p(L(lR)o)vonp(r)«o) 

vol (MU(Z)\MU(Z)) vol(A v \A(R) ) / n e m a t a , min „ gA _ rt , 



vol(G(Z)\G(R)) m c 

The proof is the same as the one of Theorem [6] with the following modifications. Since 
G is simply connected, G(R) is connected (see for instance |PR[ §7.2]). Hence with the 
previous notation, we have G = G(R) and V = r(Z) (and the connectedness of G was 
useful). Now take L = L(R) instead of L = L(R)o (which is still contained in G, but 
would not have been if G was only taken to be G(R)o while G(R) is not connected). 
Though L and Yl may be no longer connected, the proof stays valid. 

To end this section, we give two slightly different versions of Theorem [6] when P is 
maximal. 

Theorem 16 Let G be a connected reductive linear algebraic group defined over Q, without 
nontrivial Q- characters. Let P be a maximal (proper) parabolic subgroup of G defined over 
Q, and let P = AMU be a relative Langlands decomposition of P ; such that A(R)o is a 
one-parameter subgroup (a s ) sG R, with A = logdet (Adai)^ > 0, where il is the Lie algebra 
of U(R). Let p : G — > GL(V) be a rational representation of G defined over Q such 
that there exists vq 6 V(Q) whose stabiliser in G is MU. Let L be a reductive algebraic 
subgroup of G defined and anisotropic over Q. Assume that LP is Zariski-open in G and 
that for every s € R, the orbit X s = p(La s )vo is Zariski- closed in V. 

(1) Endow G(R) with a left- invariant Riemannian metric, for which the Lie algebras 
of MU(R) and A(R) are orthogonal, and the orthogonal of the Lie algebra of P(R) is 
contained in the Lie algebra of L(R). Let G = G(R)o and V = G(Z) PI G. There exists 
5 > such that, as t > tends to +oo, 

o< s <t [x]G(L(R)onr)\(p(L(R)oa s )i. np(r)^o) 

vol ((MU n T)\(MU n G)) vol(af \A(R) ) A {x _ s) 

Avoi(r\G) 6 + [e 

(2) Let A be a Z-lattice in V(Q) invariant under G(Z), and let A prim be the subset of 
indivisible elements of A. Assume p to be irreducible over C. Then there exist c, 5 > 
such that, as t > tends to +oo, 

Y Y < P|L (x) = ce^ + 0(e^). 

0<s<t [a;]e(L(Z)nL(R) )\(X s nAP rim ) 

Proof. (1) In this case, A — L consists of one simple root ao- Changing the parametrisation 
of the one-parameter subgroup (a s ) se iR appearing in Theorem [16] by multiplying s by a 
positive constant does not change the asymptotic formula in the statement of Theorem [16] 
(1). Hence we may assume that a\ = («o) v , hence that the group af generated by a± is 
equal to the lattice A v . The constant A defined in Theorem [16] is then equal to m ao . The 
first part of Theorem [16] hence follows from Theorem [6] 

(2) We start by proving two lemmas. 



21 



Lemma 17 If p is irreducible, then the stabiliser of Cvq in G is P and there exists x £ K 
suc/i i/iai a s ^o = e xs vo for every s£R. 

Proof. Let T be a maximal torus of G containing S, and let Ax be a set of primitive 
roots of G relative to T, whose set of nonzero restrictions to S is A (see for instance |Bor31 
§21.8]. Then the unipotent subgroup U^, whose Lie algebra is the sum of the positive root 
spaces of G relative to T, is contained in MU. By the properties of the highest weights, 
if p is irreducible, the space {v G V : U^t> = v} is one-dimensional, hence equal to 
C^o- Since A normalises MU, hence U^,, it preserves Cvo, and the result follows, by the 
connectedness of A. □ 

Lemma 18 There exist vt,...,v k in A prim such that A prim n Gv = |_|*Li IX . 

Proof. By |Bor3l Prop. 20.5], the natural map G(Q) -> (G/P)(Q) is onto. Since Gv ~ 
G/MU, this implies that every x G (Gt>o)(Q) may be written as x = gpvo for some 
g G G(Q) and p G P. Hence by Lemma [T71 

(G«o)(Q) cC x G(Q) Uo . 

By [Bor2| Prop. 15.6], there exists a finite subset F of G(Q) such that G(Q) = I\FP(Q). 
Hence, 

(G«o)(Q) C C x FFv . 
In particular, we conclude that there exist v%, . . . v k in A prtm such that 

k 

A prim nGvo c y C x r ,. 

Since for every v G A prim , 

this implies the lemma. □ 

Now, since the identity component L of L(R) has finite index in L(R), there exist 
£i..., 4' in L(R) such that L(R) = \J]=i L£ j- Hence, since vq belongs to V(R) and 
X s C G^o, by Lemma [T71 and Lemma [TH1 we have 

X, n A prim = (L(R)e*%) n (A prim n Gv ) = [_\ eXSL £ i v o n r ^ • ( 21 ) 

l<i<k , l<j<k' 

If L ijVoDTvi is nonempty, fix Vij G LijVoPiTvi. In particular, there exist 7 G T and £ G L 
such that Vij = iljVQ = 71^. Since Uj G V(Q), we have Vij G V(Q). Hence the stabiliser 
Pij of j in G is an algebraic subgroup defined over Q. Since Vij is in the G-orbit of 
Vq, the stabilisers of vq and of Vij are conjugate, hence Pjj is a parabolic subgroup of 
G. Since two parabolic subgroups of G, which are defined over Q and conjugate in G, 
are conjugated by an element of G(Q) (see for instance |Bor4| Theo. 20.9 (iii)]), there 
exists ctij G G(Q) such that Pjj = aijPa^j. Furthermore, using Lemma [T71 we have 
Cvij = CctijVQ. A relative Langlands decomposition of Pj » is P, , = AjjMjjUjj where 
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We have Ajj(R)o = (al' 3 = a^jOg^ • ) s6K and the Lie algebra of Uj )3 -(R) is iljj 

\ j for every s £ R and 

logdet(Ada l 1 J )| lli = A , 



Adajj-(il). Hence al^Vij = e xs Vij for every s € R and 



for every i,j with L£jVq D Tvi 7^ 0. 

By Assertion (1) of Theorem [16] applied to the (maximal) parabolic subgroup Pjj 
defined over Q, there exist aj, 6ij > (with Cjj explicit) such that, as t > tends to +00, 

E E ^ L) P| L (^) = ^^+o( e ( A -^). 

o<s<t [ x ] e (i,nr)\(i,ot' J u ilJ -nr« i ,j) 

Hence, using the equations ([7|) and (|21|) . with <5 = muijj 5jj and c = £^ ■ Cjj, we have, as 
t > tends to +00, 

E E w 'l,p| L (^) 

o<s<t [x]e(L(z)nL(R) )\(x s nAP rim ) 

E E E w '^( x ) 

= ce ^ + o( e ( A - 5 ) t ). 

This ends the proof of Assertion (2) of Theorem [T6J □ 

Remark. Using Remark PT5l instead of Theorem [6] in the above proof gives Theorem [4] and 
Theorem [3] in the introduction. 



3 Applications 

3.1 Counting inequivalent representations of integers by norm forms 

In this subsection, we fix n > 2, an algebraic closure Q of Q in C, and F € Q[sci, . . . , x n ] 
a rational polynomial in n variables, which is irreducible over Q and splits as a product of 
n linearly independant linear forms with coefficients in Q. We assume that F -1 (]0,+oo[) 
is nonempty. 

Remarks. (1) With the notation of Theorem [TJ for every k G R, define N(k) = 
Card(r^\Sfc) . If is not empty and if e is the least common multiple of the denominators 
of the coefficients of F, then k € -Z. In particular, there are only finitely many k in any 
compact interval of R such that N(k) 7^ (and moreover these numbers k are rational, 
and even integral if F has integral coefficients). In particular, the sum in the left hand 
side of the asymptotic formula in Theorem Q] is a finite sum. 

(2) If n = 2, Theorem Q] is well known. It is easy to see that 

F(xi,x 2 ) = a(x\ + ax 2 )(xi + ax 2 ) 

where a £ Q and a is a quadratic irrational with Galois conjugate a. Theorem Q] follows 
from Equation (JTJ) when a is an algebraic integer, where K = Q(a). When the binary 
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quadratic form F is indefinite, we refer to |Coh| page 164] for an algebraic proof and to 
|PP1| Coro. 1.3] for a geometric proof of the main term (and |PP2| for the error term), and 
these last two papers for geometric extensions to higher dimensional hyperbolic manifolds. 

(3) By for instance |Koc| Theo. 2.3.3, page 38], any polynomial F as in the beginning 
of this subsection is a rational multiple of a norm form. Let us give a quick proof for 
completeness. 

The absolute Galois group Gal = Gal(Q/Q) naturally acts on the Q- vector space 
Q[xi, • • • , x n ]. Let L\, . . . ,L n £ Q[x\, . . . , x n ] be linear forms such that F = YYi=i ^i- By 
the uniqueness property of irreducible decompositions, the group Gal preserves the set of 
lines {QL\, . . . , QL n }. If this action is not transitive, and {QLfc 15 • • • > Q£fc m } is an orbit, 
then the nonzero polynomial YliLi nas its coefficients that are invariant by Gal up to 
multiplication by an element of Q. Dividing Y\a==i ^fcj by one of its nonzero coefficients, we 
hence get an element of Q[a;i, . .. ,x n ] (with degree different from and n) which divides 
F. This contradicts the irreducibility of F over Q. 

We may assume that one of the coefficients of L\ is 1 (up to dividing L\ by one of its 
nonzero coefficients, and multiplying by it). Hence the stabiliser of QLi in Gal is equal 
to the stabiliser Gali of Li, which is equal to the Galois group Gal/< = Gal(Q/A") where 
K is the number field generated by the coefficients of L±. Hence there exists a E Q such 
that 

F = a aL\ = a oL\ = a N k /q o Li . 

crgGal / Gali <reGal / Gal K 

Since N k /q takes rational values on K, this proves that F is a rational multiple of a norm 
form. 

(4) The assumption that the polynomial F is irreducible over Q is essential for Theorem 
[1] For instance, consider F(x) = X\ ■ ■ ■ x n . Then the cardinality of F~ 1 (k) HZ" is nonzero 
if and only if k 6 Z, and, for every e > 0, there exists k > such that for every k G Z, 

Card(F~ 1 (A:) n Z n ) < d{k) n < k k e , 

where d(k) denotes the number of divisors of k (see for instance |Apo[ page 296]). 

(5) Let 6 be an order in the ring of integers Gk of a number field K of degree n. 
Generalizing the case of G = &k ( see Equation ([T])), with a±, . . . ,a n a Z-basis of ff, 
applying Theorem Q] to the norm form F{x) = Nj^iiq{olxX\ + • • • + a n x n ), we prove in 
a dynamical way that there are constants c, 6 > such that Card(^ x \{:E G G : 1 < 
\ n k/q( x )\ < r l) = cr + 0(r l ~ s ) as r -> oo. 

Proof of Theorem [H In order to apply Theorem [3l let us first define the objects 
appearing in its statement. 

Let G = SL n (C) which is a (Q-split) quasi-simple simply connected linear algebraic 
group without nontrivial Q-characters. Let V = C n , A = Z n (which is a Z-lattice in V(Q) 
invariant under G(Z)), (ei,...,e n ) the canonical basis of V and p : G — > GL(V) the 
monomorphism mapping a matrix x to the linear automorphism of V whose matrix in the 
canonical basis is x, which is an irreducible rational representation over C. To simplify 
the notation, we denote p(g)v = gv for every j£G and v G V. Let P be the stabiliser 
in G of the line generated by ex, which is a maximal (proper) parabolic subgroup of G 

defined over Q. With the identity k x k matrix and s£l, let U = I T U ^ :u€ 

LVD l n -\J 



24 



^ 1 , n - 1 (C)},a s =( e o l e ^ /n _ i ),andM = {(J J : m 6 SL n _ l( C)}. With A 

the centraliser of M in G, we have that P = AMU is a relative Langlands decomposition 
of P over Q, and the identity component of A(]R) is the one-parameter subgroup (a s ) se jR. 
With 11 the Lie algebra of U(]R), an immediate computation gives 

A = logdet(Adai)| U = 1 > . (22) 

Since F is homogeneous, as F takes a positive value (and equivalent ly ) , there exists 
vq 6 Z™ such that F{v$) > 0. We may assume that vq is primitive up to rescaling it, 
and after an integral linear change of variable (which does not change the set of integral 
representations of a real number by F), we may assume that vq = e±. Note that the 
stabiliser of vq in G is then precisely MU. 

We denote by L the stabiliser of F in G and by ir : L —¥ GL(V) the restriction of p to 
L. By the linear independence over C assumption, L is a maximal algebraic torus defined 
over Q in G (hence L is reductive, but not semisimple). For every z € C — {0}, the group L 
acts simply transitively on the affine hypersurface F~ 1 (z). Hence, with v s = a s Vo = e^vo, 
the orbit 

X s = Lv s = F-^Ftv,)) = F-^e'Fivo)) (23) 

(since F is homogeneous of degree n) is Zariski-closed in V. 

Let us now check in two lemmas that the hypotheses of Theorem [3] are satisfied by 
these objects. 

Lemma 19 The algebraic torus L is anisotropic over Q. 

Proof. As seen in Remark (3) above, there exist a & Q — {0} and linearly independant 
linear forms £i, . . . ,£ n on C n with coefficients in Q such that F = a YYl=i &i an d the absolute 
Galois group Gal(Q/(Q>) acts transitively on the set {£i, . . . ,£ n }. Let SB be the basis of C n 
whose dual basis is (£±, . . . ,£ n ). The algebraic torus L is the subgroup of the elements of 
G whose matrix in the basis 8$ is diagonal. For 1 < i < n, let Xi be the character (defined 
over Q) of L which associates to an element of L the i-th diagonal element of its matrix in 
SB. Note that Gal(Q/Q) acts transitively on the set {xi, ■ ■ ■ , Xn}- Any character of L may 
be uniquely written Yi7=l Xi' w ^h k\,...,k n € Z. Any Q-character Y\7=i X4 1 °f being 
invariant under Gal(Q/Q), should have k\ = ■ ■ ■ = k n by transitivity, hence is trivial. The 
result follows, since an algebraic torus defined over Q without nontrivial Q-characters is 
anisotropic over Q, that is, it contains no nontrivial Q-split torus (see for instance |Bor31 
page 121], though this reference uses a different meaning of anisotropic). □ 

Lemma 20 The intersection L n P is finite and LP is Zariski-open in G. 

Proof. Let us prove that the algebraic group L CI P is finite. Since an algebraic group 
has only finitely many components, we only have to prove that its identity component 
S = (L n P)o is trivial. The algebraic torus S is defined over Q, hence is contained in a 
maximal torus of P defined over Q. By |Bor3( Theo. 19.2], two maximal tori of P defined 
over Q are conjugated over Q. Since G splits over Q, this implies that L (~1 P splits over 
Q. Since L is anisotropic over Q by Lemma [T9| this implies that S is trivial, and proves 
the first claim. 
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Now, the homogeneous space G/P is identified with the complex projective space ' 
by the map g i-4 Cgei. We write e\ = Y27=l CiWi wnere 9S = [wi)\<i< n is a diagonalisation 
basis of V for the action of the algebraic torus L, as in the proof of Lemma [19j Since 
the Galois group Gal(Q/Q) acts transitively on {w\, . . . w n } and fixes e±, it follows that 
the coefficients Cj are all different from 0. Hence L(Cei) = {C^^ b{Wi : 6j 7^ 0}, which 
implies the second claim. □ 

To conclude the proof of Theorem [TJ we relate the two counting functions in the state- 
ments of Theorem Q] and Theorem [3j 

For every s > and p € N — {0}, let be the set of integral points of X s whose 
coefficients have their greatest common divisor equal to p. Note that Ag = X s n A prim 
is the set of primitive integral points of X s . With = Card(L(Z)\^4^), we have 

Card(L(Z)\X s (Z)) = £+^iV s {p) , and iV s (p) = N^ Hpn) , since X s _ log(pJI) = ±X S by the 
homogeneity of F and Equation (|23|) . 

Since L acts simply transitively on each X s , the stabiliser ~L X of every x € X s is trivial, 
hence the Siegel weight w\,^{x) is constant, equal to ^jn^ZTTLM) ■ By Theorem [3] and 
Equation (|22j) . there exist 5 > 0, that we may assume to be in ]0, 1 — and c > such 
that, as t > and t — > +00, 

£ AT(i) =ce < + ( e *( 1 " 5 )). 

s6[0,t] 

For every r > F(fo) + l, by setting i = log pnj^\ > and by using the change of variables 
A; = e s F(vo) (see Equation (|23|) ). we have, with = F~ 1 (k) PI Z n and £ Riemann's zeta 
function, 

+00 

£ Card(L(Z)\£ fc ) = £ Card(L(Z)\X s (Z)) = £ £j\#0 

fcG[F(f ),r] se[0,t] se[0,t] p=l 

+00 



=E E ^V) = E^- nei + °(^ 1)et(1 - 5) ) 

P=l sG[0,t] P=l 

= c C(n) e* + O (e^ 1 - 5 )) = ^ ' + P"*) • 
Note that Efe6[ m m{i,F(«o)},max{l,F( w )}] Card(L(Z)\£ fc ) is finite. The result follows. □ 

3.2 Counting inequivalent integral points on hyperplane sections of affine 
quadratic surfaces 

Let n > 3, let q : C n — > C with q{x) = Ym=i Qij x i x j f° r every x = {x\, . . . , x n ) be a 
nondegenerate quadratic form in n variables with coefficients qij in Q, and let t : C n — > C 
with £{x) = ^2" = i^iXi for every x = (x\, . . . ,x n ) be a nonzero linear form in n variables 
with coefficients £j in Q. 

The aim of this section is to count the number of orbits of integral points on the 
sections, by the hyperplanes parallel to the kernel of £, of the isotropic cone g -1 (0) of q. 
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For K = R or Q, recall that q is isotropic (or indefinite when K = M.) over K or 
represents over IK if there exists x £ IK n — {0} such that = 0, and that q is anisotropic 
over K otherwise. For instance, a; 2 + 2y 2 — 7z 2 is anisotropic over Q, but indefinite over 
M. By A. Meyer's 1884 result (see for instance |Ser[ page 77]), if n > 5, then q is isotropic 
over Q if and only if q is indefinite over R. 

Proof of Theorem O In order to apply Theorem [16] (2) , let us first define the objects 
appearing in its statement. 

Let G = O q be the orthogonal group of the nondegenerate rational quadratic form q, 
which is a connected semisimple linear algebraic group defined over Q, hence is reductive 
without nontrivial Q-characters. Let V = C n and let p : G — > GL(V) be the monomor- 
phism mapping a matrix x to the linear automorphism of V whose matrix in the canonical 
basis is x, which is an irreducible rational representation over C. Let A = Z n , which is a 
Z-lattice in V(Q) invariant under G(Z). To simplify the notation, we denote p(g)v = gv 
for every g € G and v € V. 

Since q is assumed to be isotropic over Q, there exists vq in A — {0} such that q(vo) = 
and we assume that £(vq) > up to replacing vq by —vq. Since the restriction of q to the 
kernel of £ is assumed to be anisotropic over Q, we have £(vq) > 0. Let P be the stabiliser 
in G of the line generated by vo, which is a maximal (proper) parabolic subgroup of G 
defined over Q since this line is isotropic. Let S3 = (e\, . . . , e n ) be a basis of V over Q 
such that e\ = vq, (e\,e < i) is a standard basis of a hyperbolic plane over Q for q, which is 
orthogonal for q to the vector subspace V' generated by S3' = (e^, ■ ■ ■ , e n ). In particular, 

/0 1 0\~ 

the matrix of q in the basis SS is Q = I 1 I with Q' the (rational symmetric) 

\0 Q'J 

matrix in the basis 2$' of the restriction q' of g to V'. Denoting in the same way a vector 
v (resp. u) of V (resp. V) and the column vector of its coordinates in 3$ (resp. we 
have q(v) = t vQv (resp. q'(u) = t uQ'u). With 1^ the identity k x k matrix and s£l, 
define 

(e s \ ( fa \ 

a s = e~ s , A = 11 a" 1 : a € C* 
\o /„_ 2 / [\0 J n _ 2 / 
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-q'(u)/2 - 

M = i I 1 I : m G O a , V and U = I I 1 I : u G V 














((i 


1 





| : m G O q i | 


| and U 







m J 








u 

It is easy to check that P = AMU is a relative Langlands decomposition of P, that the 
identity component of A(R) is the one-parameter subgroup (a s ) se u, and that the stabiliser 
of vq = ei in G is exactly MU. With il the Lie algebra of UQR) , an immediate computation 
gives (since n > 3) 

A = logdet(Adai)| U = n-2>0. (24) 

We denote by L = £ G : £ o g = £} the stabiliser of £ in G, which is a linear 
algebraic group defined over Q. Let W be the kernel of £ and W 1 - be its orthogonal for 
q. Since <jw is assumed to be nondegenerate, W 1 - is a line, V = W -1 © W, and the bloc 
matrix of q in this decomposition is diagonal. 

Let us now check in the next lemma that the hypotheses of Theorem [16] are satisfied 
by these objects. 

Lemma 21 (1) The linear algebraic group L is reductive and anisotropic over Q. 

(2) For every s G M, if k = e s £(vo) and X s = La s fo, then X s = {v G V : q(v) = 
0,£(v) = k}. In particular, X s is Zariski- closed in V. 

(3) The subset LP is Zariski-open in G. 

Proof. (1) For every g G GL(V), if £ o g = £, then g preserves W. If furthermore 
g G G = O q , then g preserves W^. Since is a line, there exists A G C such that g 
acts by x i— > Ax on W -1 -. As ^i-yy± is nonzero and g preserves £, we have A = 1. Hence the 
elements of L are exactly the elements of GL(V) whose bloc matrix in the decomposition 

V = W 1 - W has the form ^ ,^ with g' G O q ^ w . In particular, the linear algebraic 

group L, isomorphic over Q to the orthogonal group of the nondegenerate rational quadratic 
form <7|W) i s semisimple hence reductive. 

It is well-known (see for instance |Borl||BJ[ page 270]) that the Q-rank of the orthogonal 
group Og" of a nondegenerate rational quadratic form q" is zero (or equivalently that O q " is 
anisotropic over Q) if and only if q" does not represents over Q. For instance, this follows 
from the fact that the spherical Tits building over Q of O q " is the building of isotropic 
flags over Q. Hence by assumption, L is anisotropic over Q. 

(2) Note that by the definition of a s , we have a s vo = e s Vo, hence by the linearity of 
£, we may assume that s = 0. Recall that q(vo) = and £{vq) > 0. By the definition of 
L, the orbit Xo = Lt>o is contained in {v G V : q(v) = 0, £{v) = £(vq)}. To prove the 
opposite inclusion, write v = v' + v" the decomposition of any v G V in the direct sum 

V = W ± © W. If £{v) = £(v ) and q(v) = 0, then v' = v' and q(v") = -q(v') = -q(v' ), 
and in particular q(v") = q(v'o). By Witt's theorem, there exists g' G O q ^ such that 
v" = g'vQ. Hence the linear transformation of V which is the identity on and is equal 
to g' on W, is an element of L sending v = v' + v" to Vq = v' Q + v'q. The second assertion 
follows. 

(3) The algebraic group G = O q acts transitively on the projective variety of isotropic 
lines in V, the stabiliser of the line generated by vq being P by definition. As we have 
seen in (2), the orbit under L of the line generated by vq is hence the Zariski-open subset 
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of G/P consisting of the isotropic lines not contained in W. The last claim of Lemma |2~T1 
follows. □ 



To conclude the proof of Theorem [2j we relate the two counting functions in the state- 
ments of Theorem [2] and Theorem [16] (2). Let L = L(R) and V = G(R) fl G(Z). 

We have £{vq) > by the definition of Vq. For every r > £{vq) + 1, let t = In > 0. 
With Sfc as in the statement of Theorem [2j using the change of variables k = e s £(vo) and 
Lemma [21] (2), by the definition of the modified Siegel weights in Equation ([2]), we have 

£ J2 vol((L u (Z)nL)\(L M nL)) = 

ke[i(vo),r] [«]e(L(z)ni)\s fc 

vol((Lnr)\L) £ ^ «/l,p,»- (25) 

se[o,t] [«]g(L(Z)nL)\x s nAP" m 

By Theorem [16] (2) and Equation (|2ll) . there exist c, <5 > such that as t — > +oo, the 
quantity (|25[) is equal to 

£(uo) n 

Note that Efc G [min{i,£(,;o)},max{i^(t,o)}] £[ u ]e(L(Z)nL)\s fe vo1 ((L U (Z) H L)\(L tt Hlr)) is finite. 
This concludes the proof of Theorem [2] □ 

Remarks (1) If n > 6, since g is isotropic over Q and the restriction of g to the kernel of 
£ is anisotropic over Q, then the signature of q over R is (1, n — 1) or (n — 1, 1), and L(R) 
is compact (see the above picture on the right); hence L(Z) is finite, and our result allows 
to count integral points on the quadratic hypersurface q -1 (0) (see the references given in 
the introduction for related works). 

(2) If n > 4, then we have a result similar to Theorem [2] where we consider all the 
integral points and not only the primitive ones: under the other assumptions of Theorem 
[2] and with c as above, we have, for every r > 1 with r — > +oo, 

Yl vol ((L U (Z) n L)\(L tt n L)) 

fce[i,r] [M]e(L(Z)nL)\(g- 1 (o)n^- 1 (A;)nz™) 

C C(n - 2) 2 , n-2-<5\ 

£{v ) n - 2 { > ' 

The proof is similar to the one at the end of Section [3.11 For every s£l and p £~N — {0}, 

(v) 

we denote by Af the set of integral points of X s whose greatest common divisor of their 
coefficients is p. We note that by Lemma [211 (2). the map from to A^_^ np defined by 

x i->- - is a bijection such that li* =~L X for every x € Ai P \ Hence with 

jV« = ^ vol ((L B (Z) n L)\(L„(R) n L)) , 

Me(L(z)ni)\Ai p) 



we have # = N {1 \ and 

s— Inp 



oo 



£ vol ((L U (Z) n L)\(L U n L)) = £ ;v« , 

[«]6(L(Z)nL)\(g- 1 (0)n£- 1 (fc)nz n ) p=i 

29 



and one concludes as in the end of Section 13.11 
When n = 3, the same argument gives 

E vol((L u (Z)nL)\(L w nL)) =-f— rlogr + 0(r) . 

3.3 Counting inequivalent integral points of given norm in central divi- 
sion algebras 

Let n > 2, let D be a central simple algebra over Q of dimension n 2 , let N : Z) — >■ Q be its 
reduced norm, and let ^ be an order in Z) (that is, a finitely generated Z-submodule of D, 
generating D as a Q- vector space, which is a unitary subring). We refer for instance to |Rei| 
and |PR[ Chap. I, §1.4]) for generalities. The aim of this section is to use our main result 
to deduce asymptotic counting results of elements of (modulo units) of given norm. 

Theorem 22 If D is a division algebra over Q, then there exist c = c(D, 0) > and 
5 = 6(D) > such that, for every r > 1 with r — > +oo, 

Card ^\{x G : 1 < \N(x)\ < r} = c r n (l + O (r~ 8 )) . 

Proof. In order to apply Theorem (3] let us first define the objects appearing in its 
statement. 

Let V be the vector space over Q such that ~V{K) = D ®q K for every characteristic 
zero field, with the integral structure such that A = V(Z) = which is (for the extended 
multiplication) a central simple algebra over C. Let D 1 be the group of elements of 
(reduced) norm ±1 in V. 

We take G = SL(V) (which is connected, simply connected, semisimple, defined over 
Q, hence reductive without nontrivial Q-characters) and p the inclusion of G in GL(V) 
(which is an irreducible rational representation). To simplify the notation, we denote 
p(g)v = gv for every g € G and v E V. 

Let L be the algebraic subgroup of G which is the image of D 1 into G by the (left) 
regular representation d i— > {v h-> dv}. Note that the linear algebraic groups L and D 1 are 
defined over Q and are isomorphic by this representation. We have 

L(Z) = D 1 n = G x . (26) 

We take v o € V to be the identity element in D. The stabiliser of the line C^o in G is a 
(maximal) parabolic subgroup P of G defined over Q. We note that dim(P) = dim(D) 2 — 
dim(D) — 1 and dim(L) = dim(D) — 1. We have a relative Langlands decomposition 
P = AMU with MU the stabiliser of vo in G, and we may write A(R)q = (a s ) s gR such 

s 

that a s VQ = e^vQ. An easy computation gives 

A = logdet(Adai)| U = n > . (27) 

Let us now check that the hypotheses of Theorem [3] are satisfied by these objects. 

We claim that the group L n P is finite. The action of this group on vq defines a 
Q-character of L n P. Since L ~ D 1 is anisotropic over Q (see for instance Chap. II, 
§2.3]), this character must be trivial on (LnP)o, and (LnP)ofo = ^0- Since StabL(^o) = 
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{e}, it follows that (L n P)o = {e}, which proves the claim. Comparing dimensions, we 
deduce that LP is Zariski-open in G. 
For every s £ M, we have 

8 S I 

X s = La s t>o = e^liVo = e«D . (28) 

Hence X s is Zariski-closed in V. 

To conclude the proof of Theorem [22J, we relate the two counting functions in the 
statements of Theorem [22] and Theorem [3j 

Since L acts simply transitively on the orbit of vo, the Siegel weights are constant, equal 
t° vol(L(Z)\L(R)) " ^ or ever y ^ S N — {0}, denote by G^ the subset of nonzero elements of 
G whose greatest common divisor of their coefficients in a Z-basis of & is k. In particular, 
since the norm is a homogeneous polynomial of degree n and by Equation (I28p . we have 

X, n A prim = {xe G^ : N{x) = e s } . 

Note that the map x i— > | is a bijection from 

@(k) to Hence, using Equation (|26p and 

Theorem (3] there exist <5 > 0, that we may assume to be in ]0, 1[, and c > such that, as 
r > 1 and r — > +oo, 

+oo 

Card x\{x e G : 1 < |iV(a;)| < r} = ^ Card #x\{x G €?( fe ) : 1 < |iV(x)| < r} 

k=l 

+oo 

= ^Card^x\{xG^ 1 ) : 1 < |iV(x)| < ^} 



fe=i 
+oo 



Card (L(Z)\(X s nA prim )) 

k = l 0<S<log-j^T 

+oo 
k=l 



= c((n 2 )r n (l + 0(r- 5 )) . 
This ends the proof of Theorem [22j □ 
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